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Abstract 

We construct a bosonization of the quantum superalgebra U q (sl(N\l)) for an arbitrary level k. 
We construct the screening that commutes with the quantum superalgebra for an arbitrary level 
k 7^ — N + 1. We propose a bosonization of the vertex operator that gives the intertwiner among the 
Wakimoto realization and the typical representation. 



1 Introduction 



There have been many developments in exactly solvable models. Various methods were invented to solve 
models. The bosonization provides a powerful method to study exactly solvable models. We review 
recent developments in bosonizations of the U q (sl(N\l)) [71, [HI HD] ■ The trace of our bosonizations of the 
vertex operators gives the correlation function of the higher level(spin) k and rank N generalization of 
the supersymmetric t-J model (U q (sl(2\l)) for level k = 1) pQ. 



2 Bosonization of U q (sl(N\l)) 

We recall Drinfcld generators of the superalgebra U q (sl(N\l)) [3]. We fix a complex number q ^ 0, |g| < 1. 
We use the notations [x,y] = xy — yx, {x,y} = xy + yx, [a] q = q q -q-i ■ The Cartan matrix (Ai t j)o<i,j<N 
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of the affine Lie algebra sl(N\l) is given by 

Here we set v% = ■ ■ ■ = Un = +, vn+i = v$ = — . The Drinfeld generators of the quantum superalgebra 
U q (sl(N\l)) are x im , h^ m , c, (1 < i < N, to £ Z). Defining relations are 

c : central, [/i,, /ij, m ] = 0, 

K m ,h jin ] = [At ' 3m]q[cm]q q- clml 6 m+n ,o (m,n^0), fa, x±(z)] - i^-^fz), 



fa, m ,4(z)] = l^kg- c l™l^t( z ), [^. m ,xT(z)] = J-^k 2 ™ x j( z ) ( m ^ o), 

TO TO 

(zi - 9 ±A - ^zfCziJaf fe) = (q ±A ^zi - z 2 )xf(z 2 )xf( Zl ) for \A hJ \ ? 0, 



xf(z 1 )xf(z 2 ) = xf(z2)xf(z 1 ) for \A itj \ =Q,(i,j) £ (N,N), {x±( Zl ),x±(z 2 )} = 0, 
[x+(zi),xj(z 2 )] = _ ^ 3 (<5(^ c zi/z 2 )VA + (9 f za) - 6(q c zi/z2)tpi {q~ %z 2 )) , 

\Q q )z\Z2 

for (i,j)^(N,N), 

{xj l (z 1 ),x N (z 2 )} = , _ ((5(q~ c zi/z2)-0w(9 §z 2) - ^((7 c zi/z 2 )^(g" f ^2)) , 

[q q )z\z 2 

(xf( Zl )xf(z 2 )xf(z) - (q + q- 1 )xt( Zl )xf(z)xf(z 2 ) + xf (z)xf (zi)xf (z 2 )) 
+ (zi O z 2 ) = for I A, j I = 1, i ^ N, 



where we have used 5(z) — J2 m ez z ™- Here we have used the generating function Xj (z) = J2 m ez x j m z ~ m ~ 
jjj^q^i z) = q ±hi e^ q q ' ^™>o h »>± m * and the abbreviation /i^ = /i^.o- 

We construct bosonizations of superalgebra U q (sl(N\l)) for an arbitrary level [7]. We fix the level 
c — k £ C. We introduce the bosons and the zero-mode operators a? m , Q J a (to £ Z, 1 < j < N), b^ 3 , 
(to £ Z, 1 < i < j < N + 1), cj^', Q« (m e Z, 1 < i < j < TV) which satisfy 

[<4X] = [(fc + iV ~ g[i4<J ' m]g W»,o (m,n^0), [ t 4,0j] = (fe + JV-l)A i)j , 

[b l ^,b l n ' 3 ] = -Vifj—^-Si^Sjj'Sm+nfi {m,n ^ 0), [b% 3 ,Q\ '° } = i>,i> ,<),,,■*,./ ■ 
[to] 2 

[c„.4 J ] = -zr S i,i' 5 3,3' 5 m+nfi ( m , n ^ 0), [c% 3 , < 3 ) = Si^dj^, 



Other commutation relations are zero. In what follows we use the standard symbol of the normal orderings 
:: and use the following abbreviations b i,3 (z), c i,J (z), ti±(z), a 3 ±(z) and '""p" a ') ( z l a ) gi ven by 



6^(«) = ±(g-g- 1 ) b%z- m ±btflogq, ai(z) = ±(q-q- 1 ) £ a^z"" 1 ± a J logq, 

±m>0 ±m>0 

• • • ^ (z|a) = - V W- W ^-H-^ + lf^{Ql + a^logz). 
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The generating functions xf(z), ipf(z), (1 < i < AT) of U q (sl(N\l)) for an arbitrary level k are realized 
by the bosonic operators as follows. This is main result of [7J. 



4(z) = 7 — L^w^™-m+ecX 1+1 (« 

x | e b J + !+1 (9^ 1 ^)-C'+c) 3 '* +1 (9^) _ e&^+V -1 *)-^)^ 1 ^ -2 *) j . 



fc+JV-l . a' ( 9 : ^-^ Z )-6 I . N + 1 (g fe + JV - 1 Z )-^ +1 - N + 1 (9 fc+JV - 1 Z )+fc* +1 - JV + 1 (9' i + N ^) . 



fc + JV-1 



, 1 . J V 1 a*_(q~ : ^^z)Mb+cy^\ q - k -iz)+b* 1 n + 1 { q - k -™z)-V+ 1 ^ + 1 ( q - k -™+ 1 Z ) 

/ _ fe J.*( ? -fe- 3z )_( i , +c )i.i( Qr -fe-J+i z ) _ e -6^*(g- fc -^)-(6+ c )i-«(,-*-i- 1 J! )^ 

e aL(g- ±i;L ^ i Z ) + (6+ C ) l - ,+1 (g- fc - I Z )+X;™, +1 (''- 1 (9-' c - ! 2)-ftL +1 ' ! (g-' e - ! + 1 ^))+6!: JV+1 (?- fc - JV Z )-b , _ +llN+1 (9- fc - JY+1 Z ) 



X 



e T ^i=<+ 

AT— 1 fc+jv-i 



j=i+i 
x fe b V H 



/ 6^- 1 ^+ 1 ( 9 *+^)-(6+ c )«+ 1 .i+ 1 (g*+i+ 1 JI ) _ e b i + 1 ' ] + 1 (q k +iz)-(b+c) i + 1 ^ + 1 (q k +i- 1 z)y^ . 



3 = 1 



X q^ 1 ( e - b + N (9- k - J z)-(b+cy' N (q- k -^ 1 z) _ e - b ^{q- k -^z)-{b+cy- N (q- k -^ 1 z)^ 1 . 



xe ^ = *+i (b ± (9 ±(fe+ " z )- b ± 1 ' 1 (9 ±< ' t + i " 1> 2)+fc! t JV + 1 (9 ±<fc + iV) 2)-b± +1 ' N + 1 (9 ±<fe+JV - 1) ^) 



3 Vertex Operator 

We construct the screening Qi that commutes with the quantum superalgebra U q (sl(N\l)) for an arbitrary 
level k 7^ — N + 1 [ID]. The Jackson integral with parameter p € C (|p| < 1) and s € C* is defined by 
Jo* 00 f( z )dp z — s (l — p) Smez f( s P m )P m - We introduce the screening operators Qi (1 < i < N) by using 
the Jackson integral. This is one of main result of |10) . 



■S' DC 1 



Qi= ■.e-im^l^^-.dpz, (p = q^ k + N -V). 
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Here we have set the bosonic operators Si(z) (1 < i < N) by 
i N 

SJz) = V : f e -«'*- 3 '(9 JV_w ^)-(«'+c) i,3 "(9 N '" i ^) _ e -fe*/(g N - I -^)-(b+c) i ' 3 "(9 N '- 3 "-^)') 

i + l,l/„«-l,l_ t i,I, „N-I-l,u,,. + l,lV + l,,,_ l .,« + l, -1, 



x e (6+c) i + 1 ^(9 W - 1 -^) + ^. +l (6i+ I - , ( g N - i Z )-6^(g^-'- I Z ))+6i+ 1 ^+ 1 W-6!: w + I ( g - 1 z ) 

+ g : e^-^W+tr-^W-^.^^) . (l<i< N -l), 
S N (z) = - q -i:e» N ' N+1 ^:. 



The screening Qi commutes with the quantum superalgebra. 

[Q h U q (7l(N\l))} = (1 < t < iV). 

For pi £ C (1 < i < N), p b ' j G C (1 < i < j < N + 1), p 4 c J e C (1 < i < j < N), we set the vector 
\p a ,Pb,Pc) which satisfies the following conditions. 

aln\Pa,Pb,Pc) = b l ^\p a ,p b ,p c ) = c^\p a ,p b ,p c ) = (to > 0), 

0>o\Pa,Pb,Pc) =Pa\Pa,Pb,Pc), ^ |Po, Pb, Pc) = P^ \Pa, Pb, Pc) , Cq 3 \p a , p b , p c ) = p^ \p a , p b , p c ) . 

The boson Fock space F(p a ,p b ,p c ) is generated by the bosons a l m ,b]4,c]^ on the vector \p a ,Pb,p c )- We 
set the space F(p a ) by 

,Pb,Pc)- 

pI' 3 = -Pc J ez (l<i<3<«) 

i 7V -t- 1 

P j' + ez (i<i<w) 

We would like to construct the vertex operator <£>*(z) [TO] which gives the intertwiner among F(p a ) and 
the typical representation [13]. 

$*(z) :F(p a ) F(p a + l a + x a )®V; s , $*(z) = ^$*(*)®«|. 

Here V/ 5 is the dual evaluation representation of the typical representation with the weight l a = 
Go>'o>"">C) [1 3. - The basis of V* s is given by {v*}. The coefficients are linear maps : $*(z) : 
F{p a +L + x a ) — > F(p a ). For l a = (llJl, ■■ ■ Ja) and x a = (a£, ■ ■ ■ , x%), we set the highest element 
of the vertex operator by 



( l a Min(i.j) Ar-1-Max(i,j) ^ ,„fc_| fc-W + l N 
2—li,i=\ ^ fc + AT-1 N-l 1 " z 2 J 



iV 

where (xi, X2, ■ ■ ■ , xn) is related to x\ by = 5Zj=i Ai,j x j- Other elements (j ^ 1) of the 

vertex operators are determined by the intertwining property. We conjecture that this bosonization of 
the vertex operator $*(z) gives the intertwiner among our bosonization and the typical representation. 
Using the Gelfand-Zetlin basis [TO], we have checked this conjecture in some cases for N = 2,3,4 [TO] . 
We balance the "background charge" of the vertex operators by using the screening Qi. Sometimes 
we have to multiply nontrivial product of the screenings Qi inside the vertex operator in order to have 



4 



non-zero correlation functions (trace of vertex operators). At the end of this paper, we would like to 
give some comments on relating works [51 [T2]. In [5] we study how to get the Wakimoto realization 
from our bosonization by £-77 system. In |12j we study how to construct the elliptic deformed algebra 
Uq, P (sl(M\N)) from the quantum group U q (sl(M\N)). Using deformation method developed in [T2] we 
obtain a bosonization of the elliptic deformed algebra U gtP (sl(N\l)) for an arbitrary level k. 
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